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Abstract
Let k be a field admitting a resolution of singularities. In this paper,
we prove that the functor of zeroth A1-homology HA
1
0 is universal as a
functorial birational invariant of smooth proper k-varieties taking values
in a category enriched by abelian groups. For a smooth proper k-variety
X, we also prove that the dimension of HA
1
0 (X;Q)(Spec k) coincides with
the number of R-equivalence classes of X(k). We deduce these results
as consequences of the structure theorem that for a smooth proper k-
variety X, the sheaf HA
1
0 (X) is the free abelian presheaf generated by the
birational A1-connected components pibA
1
0 (X) of Asok-Morel.
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Introduction
Let k be a field. In [Mor05], Morel introduced the A1-homology theory of smooth
(separated and of finite type) k-schemes. In the unstable A1-homotopy theory
introduced by Morel-Voevodsky [MV99], the A1-homology plays a role of the
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ordinary homology of topological spaces. For each n ≥ 0, the n-th A1-homology
of a smooth k-scheme X is denoted by HA
1
n (X). This is a Nisnevich sheaf of
abelian groups on the category of smooth k-schemes Smk. As an application of
A1-homology, Asok [Aso12] proved that the zeroth A1-homology is a birational
invariant of smooth proper k-varieties if k is infinite. In this paper, we study the
structure of the zeroth A1-homology of smooth proper k-varieties and give some
applications. In particular, we prove that the zeroth A1-homology functor HA
1
0
is universal as a functorial birational invariant of smooth proper k-varieties.
First, we state the universal birational invariance of the zeroth A1-homology.
Let Smpropk be the category of smooth proper k-schemes and ImH
A
1
0 be the full
subcategory of the category of abelian presheaves on Smk spanned by objects
isomorphic to HA
1
0 (X) for some X ∈ Sm
prop
k . Our first theorem is stated as
follows.
Theorem 1 (see Theorem 5.5). Assume k admits a resolution of singulari-
ties. Let A be an arbitrary category enriched by abelian groups (e.g. an abelian
category).
(1) Let F : Smpropk → A be an arbitrary functor which sends each birational
morphism to an isomorphism. Then there exists one and only one (up to
a natural equivalence) additive functor FSb : ImH
A1
0 → A such that the
diagram
Smpropk
F //
H
A
1
0

A
ImHA
1
0
FSb
<<
is 2-commutative, i.e., we have a natural equivalence F ∼= FSb ◦H
A1
0 .
(2) Let F ′ : (Smpropk )
op → A be an arbitrary functor which sends each bira-
tional morphism to an isomorphism. Then there exists one and only one
(up to a natural equivalence) additive functor F ′Sb : (ImH
A1
0 )
op → A such
that the diagram
(Smpropk )
op F
′
//
(HA
1
0 )
op

A
(ImHA
1
0 )
op
F ′Sb
::
is 2-commutative.
In this theorem, we may replace Smpropk with other full subcategory of
Smpropk like the category of projective varieties (see Definition 5.3 and Exam-
ple 5.4). A similar result also holds in a motivic situation (see Theorem 5.10).
In this case, Smpropk is replaced with the full subcategory of the category of
finite correspondences consisting of proper schemes and the A1-homology with
the zeroth homology of Voevodsky’s motives, called Suslin homology sheaves
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(cf. [Voe00]). The birational invariance theorem of Asok [Aso12] is assumed
k infinite, but this assumption is not necessary for our proof. In general, we
prove that a proper birational morphism of (not necessary proper) varieties over
an arbitrary field induces an isomorphism of zeroth A1-homology sheaves. (see
Proposition 5.12).
Second, we relate the zeroth A1-homology to rational points. We consider
the zeroth A1-homology with Q-coefficients HA
1
0 (X ;Q) for a smooth proper k-
variety X .
Theorem 2 (see Theorem 4.7). Assume k admits a resolution of singularities.
For a smooth proper k-variety X, we have
dimQH
A
1
0 (X ;Q)(Spec k) = #(X(k)/R).
Moreover, HA
1
0 (X)(Spec k) = 0 if and only if X(k) = ∅.
Here X(k)/R is the quotient set of X(k) by the R-equivalence introduced
by Manin [Man86]. Note that the abelian group HA
1
0 (X)(Spec k) can also be
expressed in terms of triangulated categories (see Remark 4.10).
Third, we state a structure theorem of zeroth A1-homology sheaves. In
[AM11], Asok-Morel constructed a Nisnevich sheaf of sets πbA
1
0 (X) on Smk,
called the birational A1-connected components, for each X ∈ Smpropk . We
generalize this construction for all smooth k-schemes. Our structure theorem is
stated as follows.
Theorem 3 (see Theorem 4.1). Assume k admits a resolution of singularities.
For every X ∈ Smk, there exists a natural epimorphism of presheaves
Zpre(π
bA1
0 (X))։ H
A1
0 (X).
Moreover, this is an isomorphism if X is proper.
Here Zpre(π
bA1
0 (X)) is the free abelian presheaf generated by π
bA1
0 (X). A
similar result also holds for Suslin homology sheaves (see Theorem 4.11). The-
orem 3 has some applications to A1-homotopy theory (see §6). Moreover, the
Suslin homology version of Theorem 3 also has an application to zero cycles (see
Corollary 4.12). Theorems 1 and 2 are consequences of Theorem 3.
This paper is organized as follows. In §1, we recall and prepare basic re-
sults on birational sheaves and the localization of some categories of smooth k-
schemes by birational morphisms. In §2, we generalize birational A1-connected
components of Asok-Morel for all Nisnevich sheaves on Smk. In §3, we give
a relationship between birational sheaves and strictly A1-invariant sheaves. In
§4, we prove Theorems 2 and 3. In §5, we prove Theorem 1. In §6, we give
applications to A1-homotopy theory.
Conventions. Throughout this paper, we fix a field k and a commutative unital
ring Λ. All k-varieties are assumed irreducible but not assumed geometrically
irreducible. The field k is said to admit a resolution of singularities, if k-varieties
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always have a resolution of singularities. Let Smk be the category of separated
and smooth k-schemes of finite type. Objects of Smk are simply called smooth
k-schemes. We regard every smooth k-scheme X as the presheaf of sets on Smk
represented by X . For a presheaf F on Smk and an affine scheme SpecA which
is the limit of an inversed system {Uλ}λ in Smk, we write
F (A) = colim
λ
F (Uλ).
For a category C, we denote Presh(C) (resp. Presh(C,Λ)) for the category of
presheaves of sets (resp. Λ-modules) on C. A diagram of categories
C
F
−−−−→ D
G′
y
yG
C′
F ′
−−−−→ D′
is called 2-commutative, if there exists a natural equivalence G ◦ F ∼= F ′ ◦ G′.
For a local ring A, we denote κA for its residue field.
Acknowledgments. I would like to thank my adviser Shohei Ma for many
useful advices. I also would like to thank Tom Bachmann for a helpful comment.
This work was supported by JSPS KAKENHI Grant Number JP19J21433.
1 Birational sheaves and localizations of cate-
gories
In this section, we consider localizations of categories in the sense of Gabriel-
Zisman [GZ67]. Let C be a category and S be a family of morphisms in C.
Recall that the localization of C by S is a category S−1C with a morphism
L : C → S−1C such that
• for every s ∈ S, the image L (s) is an isomorphism in S−1C, and
• for every category D and every functor C → D which sends each s ∈ S
to an isomorphism in D, there exists one and only one (up to a natural
equivalence) functor S−1C → D such that the diagram
C //

D
S−1C
<<
is 2-commutative.
Note that the induced functor Presh(S−1C)→ Presh(C) is fully faithful and its
essential image is spanned by presheves which send each s ∈ S for a bijection.
We especially treat some cases where C is a category of smooth k-schemes and
S consists of all birational morphisms in C.
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1.1 Localizations by birational morphisms
Let Smvark (resp. Sm
prop
k , Sm
pv
k ) be the full subcategory of Smk consisting of
irreducible (resp. proper, proper and irreducible) k-schemes. For a subcategory
C ⊆ Smk, we write S
−1
b C for the localization of C by birational morphisms
within C. In [KS07], Kahn-Sujatha proved that the inclusion Smpvk →֒ Sm
var
k
induces an equivalence of categories
S−1b Sm
pv
k
∼=
−→ S−1b Sm
var
k (1.1)
if k admits a resolution of singularities (see [KS07, Prop. 8.5]).
Let Cork,Λ be the category of finite correspondences of Voevodsky with co-
efficients in a commutative unital ring Λ (see definition [MVW, Def. 1.5]). We
denote Γ for the canonical functor Smk → Cork,Λ and write
Cork,Λ(X,Y ) = HomCork,Λ(X,Y )
for each X,Y ∈ Cork,Λ. For a subcategory C ⊆ Cork,Λ, we denote S
−1
b C for
the localization of C by finite correspondences associated with a birational mor-
phism. Let Corvark,Λ (resp. Cor
prop
k,Λ , Cor
pv
k,Λ) be the full subcategory of Cork,Λ con-
sisting of irreducible (resp. proper, proper and irreducible) k-schemes. Next, we
give an analogue of the equivalence (1.1) for categories of finite correspondences.
For this, we prove the following lemma.
Lemma 1.1. For all X0, X, Y ∈ Cork,Λ and every birational morphism f : X0 → X
in Smk, the induced map
f∗ : Cork,Λ(X,Y )→ Cork,Λ(X0, Y ); c 7→ c ◦ Γ(f)
is injective.
Proof. Let i : U →֒ X be a dense open embedding that f−1(i(U))→ i(U) is an
isomorphism. By the commutativity of the diagram
Cork,Λ(X,Y )
f∗
−−−−→ Cork,Λ(X0, Y )
i∗
y
y
Cork,Λ(U, Y )
∼=
−−−−→ Cork,Λ(f−1(U), Y ),
we only need to show that i∗ is injective. Note that for every c ∈ Cork,Λ(X,Y )
the finite correspondence i∗c ∈ Cork,Λ(U, Y ) coincides with the pullback of c by
the open embedding
j : U × Y →֒ X × Y
as an algebraic cycle of U × Y . We write W = (X × Y ) − j(U × Y ). Now we
obtain an equality
Ker(Z(X × Y )
j∗
−→ Z(U × Y )) = Z(W ),
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where Z(−) means the set of algebraic cycles with Λ-coefficients. Thus we have
Ker(Cork,Λ(X,Y )
i∗
−→ Cork,Λ(U, Y ))
= Cork,Λ(X,Y ) ∩Ker(Z(X × Y )
j∗
−→ Z(U × Y ))
= Cork,Λ(X,Y ) ∩ Z(W ).
On the other hand, since U×Y is non-empty, the mapW → X is not surjective.
Therefore, all non-zero elements of Z(W ) are not finite correspondencesX → Y .
Thus we have
Ker i∗ = Cork,Λ(X,Y ) ∩ Z(W ) = 0.
We prove that S−1b Cor
pv
k,Λ
∼= S−1b Cor
var
k,Λ .
Proposition 1.2. Assume k admits a resolution of singularities. Then the
inclusion Corpvk,Λ →֒ Cor
var
k,Λ induces an equivalence of categories
S−1b Cor
pv
k,Λ
∼=
−→ S−1b Cor
var
k,Λ .
Proof. By [KS07, Thm. 2.1 and 4.3], we only need to show that the functors
Corpvk,Λ →֒ Cor
var
k,Λ and Cor
prop
k,Λ →֒ Cork,Λ satisfy the conditions (b1)-(b3) in
[KS07, Prop. 5.10]. Then (b1) follows from Lemma 1.1 and (b2) and (b3)
follow from a similar argument as [KS07, proof of Prop. 8.5] (see also [KS07,
proof of Prop. 8.4]).
Remark 1.3. By a similar proof, we also obtain an equivalence of categories
S−1b Cork,Λ
∼=
−→ S−1b Cor
prop
k,Λ .
1.2 Birational sheaves
Following Asok-Morel [AM11], we call a presheaf F on Smk a birational sheaf,
if
B1 the canonical mapF (U⊔V )→ F (U)×F (V ) is bijective for all U, V ∈ Smk,
and
B2 every open embedding U →֒ X in Smk induces a bijection F (X)
∼=
−→ F (U).
Note that birational sheaves are always Nisnevich (see [AM11, Lem. 6.1.2]). Let
Shvk be the category of Nisnevich sheaves of sets on Smk. We denote Shvbrk
for the full subcategory of Shvk consisting of birational sheaves. We give a
canonical equivalence Shvbrk
∼= Presh(S−1b Sm
var
k ).
Lemma 1.4. There exists an equivalence of categories
Shvbrk
∼=
−→ Presh(S−1b Sm
var
k )
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such that the diagram
Shvbrk
∼=
−−−−→ Presh(S−1b Sm
var
k )y
y
Shvk −−−−→ Presh(Smvark )
is 2-commutative.
Proof. Let PreshB2(Sm
var
k ) be the full subcategory of Presh(Sm
var
k ) consist-
ing of presheaves which satisfy B2. Then PreshB2(Smvark ) is equivalent to
Presh(S−1b Sm
var
k ) by the universality of localizations. On the other hand, since
every object in Smk is a finite coproduct of objects in Smvark , the restriction
functor Shvbrk → PreshB2(Sm
var
k ) is an equivalence by B1. Thus we have a
2-commutative the diagram
Shvbrk
∼=
−−−−→ PreshB2(Smvark )
∼=
←−−−− Presh(S−1b Sm
var
k )y
y
y
Shvk −−−−→ Presh(Smvark ) Presh(Sm
var
k ).
For a category C enriched by Λ-modules, we denote Lin(C,Λ) for the category
of Λ-linear presheaves of Λ-modules on C. We write
PSTk(Λ) = Lin(Cork,Λ,Λ).
Objects in PSTk(Λ) are called a presheaves with transfers. A presheaf with
transfers M is called Nisnevich (resp. birational), if so is the direct image
Γ∗M by the canonical functor Γ : Smk → Cork,Λ. We denote NSTk(Λ) (resp.
NSTbrk (Λ)) for the category of Nisnevich (resp. birational) sheaves with trans-
fers. We prove an analogue of Lemma 1.4 for sheaves with transfers.
Lemma 1.5. There exists an equivalence of categories
NSTbrk (Λ)
∼=
−→ Lin(S−1b Cor
var
k,Λ ,Λ)
such that the diagram
NSTbrk (Λ)
∼=
−−−−→ Lin(S−1b Cor
var
k,Λ ,Λ)y
y
NSTk(Λ) −−−−→ Lin(Corvark,Λ ,Λ)
is 2-commutative.
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Proof. Let LinB2(Corvark,Λ ,Λ) be the full subcategory of Lin(Cor
var
k,Λ ,Λ) consisting
of presheaves which satisfy B2. By a similar argument as the proof of Lemma
1.4, we also have a 2-commutative diagram
NSTbrk (Λ)
∼=
−−−−→ LinB2(Corvark,Λ ,Λ)
∼=
←−−−− Lin(S−1b Cor
var
k,Λ ,Λ)y
y
y
NSTk(Λ) −−−−→ Lin(Corvark,Λ ,Λ) Lin(Cor
var
k,Λ ,Λ).
The following lemma says that birational sheaves are A1-invariant.
Lemma 1.6. For every F ∈ Shvbrk and every U ∈ Sm
var
k , the canonical map
F (U)→ F (U × A1)
is an isomorphism.
Proof. By [KS15, Thm. 1.7.9], stable birational morphisms are isomorphisms
in S−1b Sm
var
k . Since the projection U × A
1 → U is stable biratioal, we have
F (U) ∼= F (U × A1) by Lemma 1.4.
2 Birational A1-connected components
In [AM11], Asok-Morel introduced a birational sheaf πbA
1
0 (X), called the bira-
tional A1-connected components, for each X ∈ Smpropk . In this section, we gen-
eralize this construction for all Nisnevich sheaves on Smk. We first construct
a functor πbr0 : Shvk → Shv
br
k and secondly prove that π
br
0 (X)
∼= πbA
1
0 (X) for
every X ∈ Smpropk . Moreover, we also prove that the functor π
br
0 is left adjoint
to the inclusion Shvbrk →֒ Shvk. Similarly, we construct a left adjoint functor
of the inclusion NSTbrk (Λ) →֒ NSTk(Λ).
2.1 Birational A1-connected components of sheaves
First, we give a functor πbr0 : Shvk → Shv
br
k .
Definition 2.1. We define a functor πbr0 : Shvk → Shv
br
k as the composition
Shvk →֒ Presh(Smk)→ Presh(Sm
var
k )→ Shv
br
k ,
where the third functor is a left Kan extension of
Smvark → S
−1
b Sm
var
k →֒ Presh(S
−1
b Sm
var
k )
∼= Shvbrk .
Explicitly, every sheaf F on Smk is canonically isomorphic to the colimit
of a diagram {Xλ}λ in Smvark (note that every object in Smk is a coproduct of
smooth k-varieties). Then by the definition, we have a natural bijection
πbr0 (F )(U)
∼= colim
λ
HomS−1
b
Smvar
k
(U,Xλ)
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for every U ∈ Smk. Thus the map
HomSmk(U,Xλ)→ HomS−1
b
Smvar
k
(U,Xλ)
induces a natural morphism
F → πbr0 (F )
in Shvk which is functorial for F .
Let X be a smooth proper k-variety. Recall that two points in X(K) for a
field extension K/k are called R-equivalence (in the sense of Manin [Man86]),
if these points are connected by the image of a chain of k-morphisms P1K → X .
The quotient set of X(K) by the R-equivalence is denoted by X(K)/R. The
birational A1-connected components πbA
1
0 (X) has the property that there exists
a canonical bijection
X(K)/R ∼= πbA
1
0 (X)(K)
for every finitely generated separable extension K/k (see [AM11, Thm. 6.2.1]).
Our sheaf πbr0 (X) also has the same property.
Lemma 2.2. Let X be a smooth proper k-scheme and K/k be a finitely gen-
erated separable extension. Then the map X(K) → πbr0 (X)(K) induced by the
canonical morphism X → πbr0 (X) factors though a bijection
X(K)/R ∼= πbr0 (X)(K).
Proof. This follows from the bijection
X(K)/R ∼= HomS−1
b
Smvar
k
(U,X)
in [KS15, Thm. 6.6.3], where U is a smooth model of K.
Next, we give an isomorphism πbr0 (X)
∼= πbA
1
0 (X) for each X ∈ Sm
prop
k .
Proposition 2.3. For every X ∈ Smpropk , there exists an isomorphism of bira-
tional sheaves
πbr0 (X)
∼= πbA
1
0 (X).
Before proving this proposition, we recall the category Frk −Set introduced
by Asok-Morel [AM11]. Let Fk be the category of finitely generated separable
extension fields over k. Each object S ∈ Frk − Set is a covariant functor
Fk → Set
together with a map S(K)→ S(κA) for each K ∈ Fk and its discrete valuation
ring A with κA ∈ Fk. Moreover, a morphism S → S
′ in Frk − Set is a natural
transformation S → S ′ such that the diagram
S(K) −−−−→ S(κA)y
y
S ′(K) −−−−→ S ′(κA)
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commutes. The restriction of each F ∈ Shvbrk on Fk together with the map
F (K) ∼= F (A)→ F (κA)
is an object of Frk − Set. Thus we have the restriction functor
Res : Shvbrk → F
r
k − Set. (2.1)
Proof of Proposition 2.3. By Lemma 1.6 and [AM11, Thm. 6.1.7], the restric-
tion functor (2.1) is fully faithful. Thus we only need to construct an isomor-
phism
Res(πbr0 (X))
∼= Res(πbA
1
0 (X)) (2.2)
in Frk − Set. Lemma 2.2 and [AM11, Thm. 6.2.1] give a commutative diagram
X(K) X(K) X(K)y
y
y
πbr0 (X)(K)
∼=
−−−−→ X(K)/R
∼=
←−−−− πbA
1
0 (X)(K)
for all K ∈ Fk. Then the vertical maps are surjective. Thus for every exten-
sion field L/K which is finitely generated and separable over k, the obviously
commutative diagram
X(K) X(K) X(K)y
y
y
X(L) X(L) X(L)
shows that
πbr0 (X)(K)
∼=
−−−−→ X(K)/R
∼=
←−−−− πbA
1
0 (X)(K)y
y
y
πbr0 (X)(L)
∼=
−−−−→ X(L)/R
∼=
←−−−− πbA
1
0 (X)(L)
commutes. Similarly, for every discrete valuation ring A of K with κA ∈ Fk,
the diagram
X(K) X(K) X(K)y
y
y
X(κA) X(κA) X(κA)
shows that
πbr0 (X)(K)
∼=
−−−−→ X(K)/R
∼=
←−−−− πbA
1
0 (X)(K)y
y
y
πbr0 (X)(κA)
∼=
−−−−→ X(κA)/R
∼=
←−−−− πbA
1
0 (X)(κA)
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also commutes. Here the map X(K)→ X(κA) is the composition of the inverse
of the bijection X(K)
∼=
←− X(A) (the bijectivity follows from the valuative cri-
terion of properness) and the canonical map X(A) → X(κA). Therefore, the
bijection
πbr0 (X)(K)
∼= πbA
1
0 (X)(K)
gives an isomorphism (2.2).
From now on, we write πbA
1
0 = π
br
0 . We have an adjunction Shvk ⇄ Shv
br
k .
Lemma 2.4. The functor πbA
1
0 is left adjoint to the inclusion Shv
br
k →֒ Shvk.
Proof. Let G be an arbitrary birational sheaf. For every X ∈ Smvark , Yoneda’s
lemma in Smk gives a natural isomorphism
HomShvk(X,G )
∼= G (X).
Under the identification by the equivalence in Lemma 1.4, the presheaf πbA
1
0 (X)
is represented by X in S−1b Sm
var
k . Thus Yoneda’s lemma in S
−1
b Sm
var
k also
gives an isomorphism
HomShvbr
k
(πbA
1
0 (X),G )
∼= G (X)
and we have
HomShvbr
k
(πbA
1
0 (X),G )
∼= HomShvk(X,G ). (2.3)
Let F be a Nisnevich sheaf on Smk which is the colomit of a diagram {Xλ}λ
in Smvark . Then (2.3) gives isomorphisms
HomShvbr
k
(πbA
1
0 (F ),G )
∼= HomShvbr
k
(colim
λ
πbA
1
0 (Xλ),G )
∼= lim
λ
Hom
ShvbA
1
k
(πbA
1
0 (Xλ),G )
∼= lim
λ
HomShvk(Xλ,G )
∼= HomShvk(colim
λ
Xλ,G )
∼= HomShvk(F ,G ).
2.2 Birational A1-connected components with transfers
Next, we define a functor ΛπbA
1
0,tr : NSTk(Λ) → NST
br
k (Λ). We denote Λtr for
the Yoneda embedding
Cork,Λ → NSTk(Λ);X 7→ Cork,Λ(−, X).
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Definition 2.5. We define a functor ΛπbA
1
0,tr : NSTk(Λ) → NST
br
k (Λ) as the
composition
NSTk(Λ) →֒ PSTk(Λ)→ Lin(Cor
var
k,Λ ,Λ)→ NST
br
k (Λ),
where the third functor is a left Kan extension of
Corvark,Λ → S
−1
b Cor
var
k,Λ →֒ Lin(S
−1
b Cor
var
k,Λ ,Λ)
∼= NSTbrk (Λ).
We simply write ΛπbA
1
0,tr(X) = Λπ
bA1
0,tr(Λtr(X)).
We have an adjunction NSTk(Λ)⇄ NST
br
k (Λ).
Lemma 2.6. The functor ΛπbA
1
0,tr is left adjoint to NST
br
k (Λ) →֒ NSTk(Λ).
Proof. Let N be an arbitrary birational sheaf with transfers of Λ-modules. For
every X ∈ Corvark,Λ , Yoneda’s lemma in Cork,Λ gives an isomorphism
HomNSTbr
k
(Λ)(Λπ
bA1
0,tr(X), N)
∼= N(X).
Under the identification by the equivalence in Lemma 1.5, the presheaf ΛπbA
1
0,tr(X)
is represented by X in S−1b Cor
var
k,Λ . Thus Yoneda’s lemma in S
−1
b Cor
var
k,Λ shows
that
HomNSTk(Λ)(Λtr(X), N)
∼= N(X) ∼= HomNSTbr
k
(Λ)(Λπ
bA1
0,tr(X), N). (2.4)
Let M be a Nisnevich sheaf with transfers such that
M ∼= colim
λ
Λtr(Xλ)
for a diagram {Xλ}λ in Cor
var
k,Λ . Then there exists a canonical isomorphism
ΛπbA
1
0,tr(M)
∼= colim
λ
ΛπbA
1
0,tr(Xλ)
by the definition of the functor ΛπbA
1
0,tr. Thus (2.4) gives isomorphisms
HomNSTbr
k
(Λ)(M,N)
∼= HomNSTbr
k
(Λ)(colim
λ
Λtr(Xλ), N)
∼= lim
λ
Hom
NST
br
k
(Λ)(Λtr(Xλ), N)
∼= lim
λ
HomNSTbr
k
(Λ)(Λπ
bA1
0,tr(Xλ), N)
∼= HomNSTbr
k
(Λ)(colim
λ
ΛπbA
1
0,tr(Xλ), N)
∼= HomNSTbr
k
(Λ)(Λπ
bA1
0,tr(M), N).
Remark 2.7. Lemma 2.6 also gives a left adjoint of the forgetful functor
NSTbrk (Λ) → Shvk. Indeed, a left Kan extension Shvk → NSTk(Λ) of the
composition Smk
Γ
−→ Cork,Λ
Λtr−−→ NSTk(Λ) is left adjoint to the forgetful func-
tor NSTk(Λ)→ Shvk.
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3 Birational sheaves of modules
Recall that a Nisnevich sheaf of Λ-modules M on Smk is called strictly A1-
invariant, if the map
HiNis(U,M)→ H
i
Nis(U × A
1,M)
induced by the projection U × A1 → U is an isomorphism for all i ≥ 0 and all
U ∈ Smk. Our aim of this section is to construct a birational sheaf of Λ-modules
M br with a monomorphism µM : M br →֒ M which induces an isomorphism
M br(X) ∼= M(X) for all X ∈ Sm
prop
k . This morphism µ
M plays a key role in
the proof of Theorem 3.
3.1 Strictly A1-invariant sheaves and birational invariance
We denoteModA
1
k (Λ) (resp. Mod
br
k (Λ)) for the category of strictly A
1-invariant
(resp. birational) sheaves of Λ-modules. Then we haveModbrk (Λ) ⊆Mod
A1
k (Λ).
Indeed, all birational sheaves are A1-invariant by Lemma 1.6. On the other
hand, A1-invariant birational sheaves of abelian groups are strictly A1-invariant
by [AH11, proof of Lem. 2.4]. The following lemma says that every proper bi-
rational morphism induces an isomorphism for all strictly A1-invariant sheaves.
Lemma 3.1. LetM be a strictly A1-invariant sheaf of Λ-modules and f : X → Y
be a proper birational morphism of smooth k-varieties. Then the induced map
M(Y )→M(X) is an isomorphism.
Proof. We write K = k(X) and identify K with k(Y ) under the isomorphism
induced by f . For each U ∈ Smk, the map M(U)→M(k(U)) gives an isomor-
phism
M(U) ∼=
⋂
x∈U(1)
Im(M(OU,x)→M(k(U)))
by [Aso12, Lem. 4.2]. Thus we only need to show that
⋂
x∈X(1)
Im(M(OX,x)→M(K)) =
⋂
y∈Y (1)
Im(M(OY,y)→M(K)).
The inclusion ⊇ follows from the commutative diagram
M(Y ) −−−−→ M(k(Y ))
f∗
y
y∼=
M(X) −−−−→ M(k(X)).
We prove ⊆. By the valuative criterion of properness, for every y ∈ Y (1) the
commutative diagram
SpecK −−−−→ Xy
yf
SpecOY,y −−−−→ Y
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has a lift φy : SpecOY,y → X . Then the local ring OX,φy(y′) for the closed
point y′ ∈ SpecOY,y coincides with the discrete valuation ring OY,y of K. In
particular, φy(y
′) has codimension 1 in X . Therefore, we have
⋂
x∈X(1)
Im(M(OX,x)→M(K)) ⊆
⋂
y∈Y (1)
Im(M(OX,φy(y′))→M(K))
=
⋂
y∈Y (1)
Im(M(OY,y)→M(K)).
Remark 3.2. More generally, Lemma 3.1 holds for unramified sheaves of Morel
[Mor12] by the same proof.
3.2 Birational construction for strictly A1-invariant sheaves
Assume k admits a resolution of singularities. We define a canonical functor
ModA
1
k (Λ)→Mod
br
k (Λ). Lemma 3.1 says that the restriction to Sm
pv
k of a
strictly A1-invariant sheaf induces a presheaf on S−1b Sm
pv
k . Thus we have a
functor
ModA
1
k (Λ)→ Presh(S
−1
b Sm
pv
k ,Λ).
Moreover, Lemma 1.4 and (1.1) give equivalences of categories
Modbrk (Λ)
∼=
−→ Presh(S−1b Sm
var
k ,Λ)
∼=
−→ Presh(S−1b Sm
pv
k ,Λ). (3.1)
Definition 3.3. When k admits a resolution of singularities, we define a functor
ModA
1
k (Λ)→Mod
br
k (Λ);M 7→M
br
as the composition
ModA
1
k (Λ)→ Presh(S
−1
b Sm
pv
k ,Λ)
∼=
−→Modbrk (Λ).
We construct a natural morphism of sheaves µM : M br → M for each
M ∈ ModA
1
k (Λ). By the construction, we have M
br(X) = M(X) for all
X ∈ Smpvk . For every U ∈ Sm
var
k , the map M(U) → M(k(U)) induces a
natural isomorphism
M(U) ∼=
⋂
x∈U(1)
Im(M(OU,x) →֒M(k(U))) (3.2)
by [Aso12, Lem. 4.2]. Thus [CT95, Prop. 2.1.8] shows that
M br(X) ∼=
⋂
x∈X(1)
Im(M(OX,x) →֒M(k(X)))
=
⋂
A∈P(k(X)/k)
Im(M(A) →֒M(k(X))).
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For a smooth proper compactification U of U ∈ Smvark , we have
M br(U) ∼=M br(U) ∼=
⋂
A∈P(k(U)/k)
Im(M(A) →֒M(k(U))). (3.3)
Thus the sheaf M br can be regarded as the subsheaf
U 7→
⋂
A∈P(k(U)/k)
Im(M(A) →֒M(k(U)))
of M under the isomorphism (3.2). Then µM is defined as the embedding
M br →֒ M . We prove some basic properties of the functor (−)br and the
morphism µM .
Proposition 3.4. Assume k admits a resolution of singularities. Let M be a
strictly A1-invariant sheaf.
(1) The morphism µM :M br →M is injective.
(2) The induced map µMX : M
br(X) → M(X) is an isomorphism for every
X ∈ Smpropk .
(3) The induced map
Hom
ModA
1
k
(Λ)
(N,M br)
(µM )∗
−−−−→ Hom
ModA
1
k
(N,M)
is an isomorphism for every N ∈ Modbrk (Λ). In particular, the functor
(−)br is right adjoint to the inclusion Modbrk (Λ) →֒ Mod
A1
k (Λ).
Proof. The assertions (1) and (2) follow from the construction of M br and µM .
We prove (3). Since µM is injective by (1), so is (µM )∗. On the other hand,
for a morphism f : N → M in ModA
1
k (Λ), we have a morphism f
′ : N → M br
defined by
N(U) ∼=
⋂
A∈P(k(U)/k)
Im(N(A) →֒ N(k(U)))
→
⋂
A∈P(k(U)/k)
Im(M(A) →֒M(k(U)))
∼=M br(U)
for each U ∈ Smvark by using the isomorphism in (3.3). Then µ
M ◦ f ′ = f and
thus (µM )∗ is surjective.
3.3 Birational construction for A1-invariant sheaves with
transfers
Assume k perfect. Let HIk(Λ) be the category of A
1-invariant sheaves with
transfers of Λ-modules. Note that every object inHIk(Λ) is strictly A
1-invariant
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as a sheaf on Smk (see [MVW, Thm. 13.8]). Lemma 1.6 shows that NST
br
k (Λ)
is a full subcategory of HIk(Λ). In [KS17, §6], Kahn-Sujatha construct a right
adjoint functor
NSTbrk (Λ)→ HIk(Λ);M 7→Mnr
of the inclusion NSTbrk (Λ) →֒ HIk(Λ) which sendsM ∈ HIk(Λ) to the presheaf
with transfers defined by
U 7→
⋂
A∈P(k(U)/k)
Ker
(
M(k(U))
∂A−−→M−1(κA)
)
.
Here M−1 is the contraction of M and ∂A is the residue map associated with
A (see definitions [MVW, Lec. 23 and Ex. 24.6]). On the other hand, the
sequence
0→M(A)→M(k(U))
∂A−−→M−1(κA)→ 0
is exact by [MVW, Ex. 24.6]. Thus we have
Mnr(U) =
⋂
A∈P(k(U)/k)
Im(M(A)→M(k(U))). (3.4)
Then [KS17, Lem. 6.2.3, 6.2.4 and 6.2.6] show that Mnr can be regarded as the
subsheaf
U 7→
⋂
A∈P(k(U)/k)
Im(M(A)→M(k(U)))
of M under the isomorphism (3.2). Thus when k admits a resolution of singu-
larities, there exists a canonical isomorphism Γ∗(Mnr) ∼= (Γ∗M)br inModk(Λ),
i.e., the diagram
HIk(Λ)
(−)nr
−−−−→ NSTbrk (Λ)
Γ∗
y
yΓ∗
ModA
1
k (Λ)
(−)br
−−−−→ Modbrk (Λ)
is 2-commutative, by the construction of M br. Moreover, if we write νM for the
embedding Mnr →֒M , the diagram
Γ∗(Mnr)
Γ∗(ν
M )
−−−−−→ Γ∗M
∼=
y
∥∥∥
(Γ∗M)nr
µM
−−−−→ Γ∗M
commutes. We obtain an analogue of Proposition 3.4 for the functor (−)nr
without assuming a resolution of singularities.
Proposition 3.5. Assume k perfect. Let M be an A1-invariant sheaf with
transfers.
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(1) The map νM :Mnr →M is injective.
(2) The induced map νMX :Mnr(X)→M(X) is an isomorphism.
Proof. The assertion (1) follows from the construction of νM . By (3.4) and
[CT95, Prop. 2.1.8], we have
Mnr(X) ∼=
⋂
A∈P(k(X)/k)
Im(M(A)→M(k(X)))
=
⋂
x∈X(1)
Im(M(OX,x) →֒M(k(X))).
Thus (2) follows from (3.2).
4 Structure of zeroth A1- and Suslin homology
4.1 Structure theorem of zeroth A1-homology
Our aim of this subsection is to prove a structure theorem of the A1-homology
of smooth proper varieties. In [Mor05], Morel defined the A1-homology sheaf
HA
1
i (F ) for F ∈ Shvk as a strictly A
1-invariant sheaf. Especially, the zeroth
A1-homology functor
HA
1
0 (−; Λ) : Shvk →Mod
A1
k (Λ)
can be characterized as a left adjoint of the forgetful functorModA
1
k (Λ)→ Shvk
(see [Aso12, Lem. 3.3]). For F ∈ Shvk, we denote Λpre(F ) for the presheaf
of free Λ-modules generated by F . Note that if F is birational, then so is
Λpre(F ). Thus we have the functor
Λpre : Shv
br
k →Mod
br
k (Λ).
This is left adjoint to the forgetful functorModbrk (Λ)→ Shv
br
k by the definition.
Our structure theorem of zeroth A1-homology is stated as follows.
Theorem 4.1. Assume k admits a resolution of singularities. For every X ∈ Smk,
there exists a natural epimorphism of sheaves
Λpre(π
bA1
0 (X))։ H
A1
0 (X ; Λ).
Moreover, this is an isomorphism if X is proper.
Proof. By Lemmas 2.4 and 3.4, we obtain three adjunctions
Shvk ⇄ Shv
br
k ⇄Mod
br
k (Λ)⇄Mod
A1
k (Λ).
Hence the composite functor
Shvk
pibA
1
0−−−→ Shvbrk
Λpre
−−−→Modbrk (Λ) →֒ Mod
A1
k (Λ)
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is left adjoint to the composition
Shvk ←֓ Shv
br
k ←Mod
br
k (Λ)
(−)br
←−−−ModA
1
k (Λ).
By using this adjunction and Yoneda’s lemma in Smk, we have a natural iso-
morphism
Hom
ModA
1
k
(Λ)
(Λpre(π
bA1
0 (X)),M)
∼= HomShvk(X,M
br) ∼=M br(X) (4.1)
for all X ∈ Smk and all M ∈ ModA
1
k (Λ). On the other hand, the zeroth
A1-homology functor
HA
1
0 (−; Λ) : Shvk →Mod
A1
k (Λ)
is left adjoint to the forgetful functor ModA
1
k (Λ) → Shvk. Therefore, we also
obtain a natural isomorphism
Hom
ModA
1
k
(Λ)
(HA
1
0 (X ; Λ),M)
∼= HomShvk(X,M)
∼=M(X). (4.2)
By (4.1) and (4.2), the natural monomorphism µM : M br → M induces a
injection
Hom
ModA
1
k
(Λ)
(Λpre(π
bA1
0 (X)),M)→ HomModA1
k
(Λ)
(HA
1
0 (X ; Λ),M).
This map is an isomorphism when X is proper by Proposition 3.4. Thus
Yoneda’s lemma in ModA
1
k (Λ) leads an epimorphism of sheaves
Λpre(π
bA1
0 (X))։ H
A1
0 (X ; Λ)
which is an isomorphism for proper X .
Corollary 4.2. Assume k admits a resolution of singularities. For X ∈ Smpropk
and U ∈ Smvark , the section H
A1
0 (X ; Λ)(U) is the free Λ-module generated by
X(k(U))/R.
Proof. This follows from Theorem 4.1 and Lemma 2.2.
We obtain the Ku¨nneth formula and the universal coefficient theorem of
A1-homology in degree zero.
Corollary 4.3. Assume k admits a resolution of singularities. For X,Y ∈ Smpropk ,
there exists a natural isomorphism
HA
1
0 (X × Y ; Λ) ∼= H
A1
0 (X ; Λ)⊗ΛH
A1
0 (Y ; Λ),
where ⊗Λ means the tensor product of presheaves over Λ.
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Proof. This follows from Theorem 4.1 and the natural bijection
(X × Y )(K)/R ∼= (X(K)/R)× (Y (K)/R)
for each K ∈ Fk.
Corollary 4.4. Assume k admits a resolution of singularities. For X ∈ Smpropk ,
there exists a natural isomorphism
HA
1
0 (X ; Λ)
∼= HA
1
0 (X ;Z)⊗ Λ,
where ⊗ means the tensor product of presheaves over Z.
Proof. This follows from Λpre(−) ∼= Zpre(−)⊗ Λ and Theorem 4.1.
Remark 4.5. Assume k admits a resolution of singularities. By Theorem 4.1,
there exists a pairing
HA
1
0 (X ; Λ)(Y )×H
A1
0 (Y ; Λ)(Z)→ H
A1
0 (X ; Λ)(Z)
defined by the map
HomS−1
b
Smk
(Y,X)×HomS−1
b
Smk
(Z, Y )→ HomS−1
b
Smk
(Z,X); (f, g) 7→ f ◦ g
for all X,Y, Z ∈ Smpropk . In particular, this pairing gives a ring structure for
HA
1
0 (X ; Λ)(X).
4.2 Rational points and finiteness
In this subsection, we give some examples where HA
1
0 (X ; Λ)(k) is finitely gen-
erated. We first introduce the following notation.
Definition 4.6. We write bA
1
0 (X) = dimQH
A1
0 (X ;Q)(k) for X ∈ Smk. This is
called the zeroth A1-Betti number of X .
By Corollary 4.2, bA
1
0 (X) coincides with the rank of the free Λ-module
HA
1
0 (X ; Λ)(k) if X is proper. Our structure theorem of zeroth A
1-homology en-
ables to relate the A1-Betti number to k-rational points modulo R-equivalence.
Theorem 4.7. Assume k admits a resolution of singularities. For a smooth
proper k-variety X, we have
bA
1
0 (X) = #(X(k)/R).
In particular, bA
1
0 (X) = 0 if and only if X(k) = ∅.
Proof. This follows from Corollary 4.2.
The following proposition implies the finiteness of bA
1
0 (X) for a rationally
connected smooth proper real variety X .
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Proposition 4.8. Let X be a rationally connected smooth proper variety over
R. Then we have
HA
1
0 (X ; Λ)(R)
∼= H0(X(R); Λ).
In particular, bA
1
0 (X) coincides with the ordinary zeroth Betti number of the real
manifold X(R).
Proof. By [Kol99, Cor. 1.7], the set of R-equivalence classes X(R)/R coin-
cides with the connected components of X(R). Thus the assertion follows from
Corollary 4.2.
By using Theorem 4.7, we also obtain some examples where bA
1
0 (X) is finite.
Example 4.9. (1) Let X be a smooth proper variety with finitely many k-
rational points. Then bA
1
0 (X) is finite. Thus for example, b
A1
0 (C) is finite
for a smooth projective curve C of genus ≥ 2 over a number field by
Mordell conjecture proved by Faltings [Fal83].
(2) Let X be a rationally connected smooth proper variety over either of C
or a p-adic field. Then bA
1
0 (X) is also finite by [Kol99, Cor. 1.5].
Remark 4.10. For X a smooth k-variety, HA
1
0 (X ;Z)(k) can be expressed in
terms of triangulated categories as follows.
(1) There exist natural isomorphisms
HA
1
0 (X ;Z)(k)
∼= HomModk(Z)(Z,H
A1
0 (X ;Z))
∼= HomD
A1 (k)
(Z,Z(X)).
Here DA1(k) is the A
1-derived category defined by Morel [Mor05] and
Z(X) is the Nisnevich sheafification of Zpre(X). This follows from [Aso12,
Lem. 3.3] and its proof.
(2) There also exist natural isomorphisms
HA
1
0 (X ;Z)(k)
∼= πS0 (Σ
∞
S1(X+))(k)
∼= HomSHS1(k)(S
0,Σ∞S1(X+)).
Here Σ∞S1(X+) is the infinity S
1-suspension of X+ = X ⊔ Spec k, πS0 (−)
is the S1-stable zeroth A1-homotopy sheaf, SHS1(k) is the A
1-homotopy
category of S1-spectra, and S0 is the sphere spectrum (see definitions
[Mor05]). The first isomorphism is given by [AH11, Prop. 2.1] and the
second isomorphism is given by the definition of πS0 (−).
4.3 Zeroth Suslin homology and zero cycles
In this subsection, we prove the Suslin homology version of Theorem 4.1. For
X ∈ Smk, the Suslin homology sheaf HSi (X ; Λ) is defined as the i-th homol-
ogy sheaf with transfers of the motive of X with Λ-coefficients in the sense of
Voevodsky [Voe00]. Then the section HSi (X ; Λ)(k) coincides with the singular
homology of Suslin-Voevodsky [SV96], called Suslin homology group. Note that
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HSi (X ; Λ) is A
1-invariant by the A1-invariance of the motive of X . Thus we
have a functor
HS0 (−; Λ) : Cork,Λ → HIk(Λ).
As a counterpart of Theorem 4.1, we construct an isomorphism of sheaves with
transfers ΛπbA
1
0,tr(X)
∼= HS0 (X ; Λ) for X ∈ Sm
prop
k .
Theorem 4.11. Assume k perfect. For every X ∈ Smk, there exists a natural
epimorphism of sheaves with transfers
ΛπbA
1
0,tr(X)։ H
S
0 (X ; Λ).
Moreover, this is an isomorphism if X is proper.
Proof. By Lemma 2.6, the composite functor
NSTk(Λ)
ΛpibA
1
0,tr
−−−−→ NSTbrk (Λ) →֒ HIk(Λ)
is left adjoint to the functor (−)nr : HIk(Λ) → NSTk(Λ). For all X ∈ Smk
and all M ∈ HIk(Λ), thus we obtain natural isomorphisms
HomHIk(Λ)(Λπ
bA1
0,tr(X),M)
∼= HomNSTk(Λ)(Λtr(X),Mnr)
∼=Mnr(X)
by Yoneda’s lemma in Cork,Λ. On the other hand, [Aso12, Lem. 3.3] gives an
isomorphism
HomHIk(Λ)(H
S
0 (X ; Λ),M)
∼=M(X).
Thus the map
HomHIk(Λ)(Λπ
bA1
0,tr(X),Mnr)→ HomHIk(Λ)(H
S
0 (X ; Λ),M)
obtained by νM : Mnr → M introduces an epimorphism of sheaves with trans-
fers
ΛπbA
1
0,tr(X)→ H
S
0 (X ; Λ)
by Yoneda’s lemma in HIk(Λ). By Proposition 3.5, this morphism is an iso-
morphism if X is proper.
Assume k perfect. For every X ∈ Smpropk , there exists a canonical isomor-
phism
HS0 (X ;Z)(K)
∼= CH0(XK)
for all K ∈ Fk (see [Aso12, Ex. 4.9]). Thus we obtain an application to Chow
groups of zero cycles. We simply write
S−1b Cork(X,Y ) = HomS−1
b
Cork,Z
(X,Y )
for X,Y ∈ Smk.
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Corollary 4.12. Assume k perfect. Let X be a smooth proper k-variety and U
be a smooth k-variety. Then we have
S−1b Cork(U,X)
∼= CH0(Xk(U)).
Proof. By Theorem 4.11 and the construction of ΛπbA
1
0,tr(X), we have
S−1b Cork(U,X)
∼= ZπbA
1
0,tr(X)(U)
∼= HS0 (X ;Z)(U)
∼= HS0 (X ;Z)(k(U)).
On the other hand, we also haveHS0 (X ;Z)(k(U))
∼= CH0(Xk(U)) by [Aso12, Ex.
4.9].
Remark 4.13. Assume k perfect. Like Remark 4.5, the composition of mor-
phisms in S−1b Cork,Λ also induces a pairing
HS0 (X ; Λ)(Y )×H
S
0 (Y ; Λ)(Z)→ H
S
0 (X ; Λ)(Z)
and a ring structure of HS0 (X ; Λ)(X) for all X,Y, Z ∈ Sm
pv
k . Thus we obtain a
pairing
CH0(Xk(Y ))× CH0(Yk(Z))→ CH0(Xk(Z))
and a ring structure of CH0(Xk(X)).
5 Universal birational invariance
5.1 Universal birational invariance of A1-homology
Our aim of this subsection is to prove the main theorem of this paper, i.e.,
the universal birational invariance of zeroth A1-homology. For a category C,
we denote Λ(C) for the category whose objects are same with C and that
HomΛ(C)(A,B) for eachA,B ∈ Λ(C) is the free Λ-module generated by HomC(A,B).
Note that every functor from C to an Λ-enriched category uniquely factors
through the canonical Λ-linear functor C → Λ(C). Thus we have a functor
HA
1
0 (−; Λ) : Λ(S
−1
b Sm
prop
k )→Modk(Λ). (5.1)
Proposition 5.1. Assume k admits a resolution of singularities. Then the
functor (5.1) is fully faithful.
Proof. By [KS07, Thm. 6.4], we only need to show that the functor
HA
1
0 (−; Λ) : Λ(S
−1
b Sm
pv
k )→Modk(Λ) (5.2)
is fully faithful. The canonical functor S−1b Sm
pv
k → Λ(S
−1
b Sm
pv
k ) induces an
equivalence of categories
Presh(S−1b Sm
pv
k ,Λ)
∼=
−→ Lin(Λ(S−1b Sm
pv
k ),Λ).
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On the other hand, we obtain equivalences
Modbrk (Λ)
∼=
−→ Presh(S−1b Sm
var
k ,Λ)
∼=
−→ Presh(S−1b Sm
pv
k ,Λ)
by (3.1). Thus we have a functor
H : Λ(S−1b Sm
pv
k ) →֒ Lin(Λ(S
−1
b Sm
pv
k ),Λ)
∼=Modbrk (Λ) →֒ Modk(Λ),
where the first functor is the Yoneda embedding. Therefore, H is fully faithful
by Yoneda’s lemma in Λ(S−1b Sm
pv
k ). By Theorem 4.1, there exists a natural
isomorphism
H (X) ∼= HomΛ(S−1
b
Smpv
k
)(−, X)
∼= Λpre(π
bA1
0 (X))
∼= HA
1
0 (X ; Λ)
for all X ∈ Smpvk . Thus the diagram
Smpvk
H
A
1
0 (−;Λ) //

Modk(Λ)
Λ(S−1b Sm
pv
k )
H //Modk(Λ)
is 2-commutative. This diagram shows that the functor (5.2) is naturally equiv-
alent to H . Since H is fully faithful, so is (5.2).
Proposition 5.1 shows that the zeroth A1-homology functor on S−1b Sm
prop
k
is conservative and faithful.
Corollary 5.2. Assume k admits a resolution of singularities. Then the functor
HA
1
0 (−; Λ) : S
−1
b Sm
prop
k →Modk(Λ). (5.3)
is conservative and faithful.
Proof. Since the functors S−1b Sm
prop
k → Λ(S
−1
b Sm
prop
k ) and (5.1) are conserva-
tive and faithful by Proposition 5.1, so is (5.3).
For describing universal birational invariance, we introduce the following
term.
Definition 5.3. Let C be a full subcategory of Smpropk . Then C is called a bira-
tionally fully faithful subcategory of Smpropk , if the functor S
−1
b C → S
−1
b Sm
prop
k
is fully faithful.
We see some basic examples of birationally fully faithful subcategories of
Smpropk .
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Example 5.4. Clearly, Smpropk is a birationally fully faithful subcategory of
itself. Let Smpjvk (resp. Sm
proj
k ) be the full subcategory of Sm
prop
k spanned by
smooth projective k-varieties (resp. k-schemes). When k admits a resolution
of singularities, Smprojk is a birationally fully faithful subcategory of Sm
prop
k
by the equivalence Smprojk
∼= Sm
prop
k in [KS07, Thm. 8.8]. Moreover, Sm
pv
k
and Smpjvk are also birationally fully faithful subcategories of Sm
prop
k by [KS07,
Thm. 6.4].
We prove the universal birational invariance of the A1-homology functor
on birationally fully faithful subcategories of Smpropk . For a subcategory C ⊆
Smpropk , we denote Im
C
ΛH
A1
0 for the full subcategory of Modk(Λ) spanned by
sheaves isomorphic to HA
1
0 (X ; Λ) for some X ∈ C.
Theorem 5.5. Assume k admits a resolution of singularities. Let C be a bira-
tionally full subcategory of Smpropk and A be an arbitrary category enriched by
Λ-modules.
(1) Let F : C → A be an arbitrary functor which sends each birational mor-
phism to an isomorphism. Then there exists one and only one (up to a
natural equivalence) Λ-linear functor FSb : Im
C
ΛH
A1
0 → A such that the
diagram
C
F //

A
ImCΛH
A1
0
FSb
;;
is 2-commutative.
(2) Let F ′ : Cop → A be an arbitrary functor which sends each birational
morphism to an isomorphism. Then there exists one and only one (up to
a natural equivalence) Λ-linear functor F ′Sb : (Im
C
ΛH
A1
0 )
op → A such that
the diagram
Cop
F ′ //

A
(ImCΛH
A1
0 )
op
F ′Sb
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is 2-commutative.
Proof. Since S−1b C → S
−1
b Sm
prop
k is fully faithful, so is the composition
Λ(S−1b C)→ Λ(S
−1
b Sm
prop
k )→Modk(Λ) (5.4)
by Proposition 5.1. On the other hand, the essential image of the functor (5.4)
coincides with ImCΛH
A1
0 . Thus we have an equivalence Λ(S
−1
b C)
∼= ImCΛH
A1
0
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such that the diagram
C Cy
yHA10 (−;Λ)
Λ(S−1b C)
∼=
−−−−→ ImCΛH
A1
0
(5.5)
is 2-commutative. Thus (1) follows from the universality on C → Λ(S−1b C).
Similarly, we obtain (2) by taking the opposite categories in (5.5).
Remark 5.6. The functor FSb (resp. F
′
Sb
) in Theorem 5.5 is canonically ex-
tended to Modbrk (Λ)→ A (resp. (Mod
br
k (Λ))
op → A), if Smpjvk ⊆ C and A is
cocomplete. Indeed, the equivalences (3.1) and Smpjvk
∼= Smvark in [KS07, Prop.
8.5] induce
Modbrk (Λ)
∼= Lin(Λ(S−1b Sm
var
k ),Λ)
∼= Lin(Λ(S−1b Sm
pjv
k ),Λ).
Under the identification by this equivalence, the category ImCΛH
A1
0 contains
the full subcategory of Modbrk (Λ) consisting of representable presheaves on
Λ(S−1b Sm
pjv
k ) by Theorem 4.1. Thus the purpose extension is obtained as a
left Kan extension of Λ(S−1b Sm
pjv
k )→ A (resp. (Λ(S
−1
b Sm
pjv
k ))
op → A).
5.2 Universal birational invariance of Suslin homology
In this subsection we prove the Suslin homology version of the universal bira-
tional invariance property. We have a functor
HS0 (−; Λ) : S
−1
b Cor
prop
k,Λ → NSTk(Λ). (5.6)
Proposition 5.7. Assume k perfect and admits a resolution of singularities.
Then the functor (5.6) is fully faithful.
Proof. By [KS07, Thm. 6.4], we only need to show that the functor
HS0 (−; Λ) : S
−1
b Cor
pv
k,Λ → NSTk(Λ) (5.7)
is fully faithful. By Lemma 1.5 and Proposition 1.2, we obtain equivalences of
categories
NSTbrk (Λ)
∼=
←− Lin(S−1b Cor
var
k,Λ ,Λ)
∼=
−→ Lin(S−1b Cor
pv
k,Λ,Λ).
Thus we have a functor
Htr : S
−1
b Cor
pv
k,Λ →֒ Lin(S
−1
b Cor
pv
k,Λ,Λ)
∼= NSTbrk (Λ) →֒ NSTk(Λ)
where the first functor is the Yoneda embedding. Hence Htr is fully faithful
by Yoneda’s lemma in S−1b Cor
pv
k,Λ. By Theorem 4.11, there exists a natural
isomorphism
Htr(X) ∼= S
−1
b Cork,Λ(−, X)
∼= ΛπbA
1
0,tr(X)
∼= HS0 (X ; Λ)
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for all X ∈ Corpvk,Λ. Thus the diagram
Corpvk,Λ
H
S
0 (−;Λ)−−−−−−→ NSTk(Λ)y
∥∥∥
S−1b Cor
pv
k,Λ
Htr−−−−→ NSTk(Λ)
is 2-commutative. Therefore, since Htr is fully faithful, so is the functor (5.7).
We also introduce birationally fully faithful subcategories of Corpropk,Λ .
Definition 5.8. Let C be a full subcategory of Corpropk,Λ . Then C is called a bira-
tionally fully faithful subcategory of Corpropk,Λ , if the functor S
−1
b C → S
−1
b Cor
prop
k,Λ
is fully faithful.
Example 5.9. Clearly, Corpropk,Λ is a birationally fully faithful subcategory of it-
self. By [KS07, Thm. 6.4], the subcategory Corpvk,Λ ⊆ Cor
prop
k,Λ is also birationally
fully faithful.
For a subcategory C ⊆ Corpropk,Λ , we denote Im
C
ΛH
S
0 for the full subcategory of
NSTk(Λ) spanned by sheaves with transfers isomorphic to H
S
0 (X ; Λ) for some
X ∈ C. We prove universal birational invariance of the zeroth Suslin homology.
Theorem 5.10. Assume k perfect and admits a resolution of singularities. Let
C be a birationally fully faithful subcategory of Corpropk,Λ and A be an arbitrary
category enriched by Λ-modules.
(1) Let F : C → A be an arbitrary Λ-linear functor which sends each birational
morphism to an isomorphism. Then there exists one and only one (up to
a natural equivalence) Λ-linear functor FSb : Im
C
ΛH
S
0 → A such that the
diagram
C
F //

A
ImCΛH
S
0
FSb
;;
is 2-commutative.
(2) Let F ′ : Cop → A be an arbitrary Λ-linear functor which sends each bira-
tional morphism to an isomorphism. Then there exists one and only one
(up to a natural equivalence) Λ-linear functor F ′Sb : Im
C
ΛH
S
0 → A such that
the diagram
Cop
F ′ //

A
(ImCΛH
S
0 )
op
F ′Sb
::
is 2-commutative.
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Proof. By Proposition 5.7, the functors C → ImCΛH
S
0 and C
op → (ImCΛH
S
0 )
op
are equivalences of categories. Thus this theorem follows from the universality
of localizations of categories.
Remark 5.11. Like Remark 5.6, the functor FSb (resp. F
′
Sb
) in Theorem
5.10 is canonically extended to NSTbrk (Λ)→ A (resp. (NST
br
k (Λ))
op → A) if
Corpropk,Λ ⊆ C and A is cocomplete.
5.3 Proper birational invariance
In this subsection, we prove that a proper birational morphism of smooth (not
necessary proper) k-varieties induces an isomorphism of the zeroth A1- and
Suslin homology. This is a refinement of Asok’s result [Aso12, Thm. 3.9].
Proposition 5.12. Let f : X → Y be a proper birational morphism of smooth
k-varieties.
(1) The induced morphisms
HA
1
0 (X ; Λ)→ H
A1
0 (Y ; Λ)
is an isomorphisms of sheaves.
(2) The induced morphisms
HS0 (X ; Λ)→ H
S
0 (Y ; Λ)
is an isomorphism of sheaves with transfers.
Proof. By Lemma 3.1, for everyM ∈ ModA
1
k (Λ) the induced mapM(Y )→M(X)
is an isomorphism. Thus [Aso12, Lem. 3.3] gives isomorphisms
Hom
ModA
1
k
(Λ)
(HA
1
0 (Y ; Λ),M)
∼=M(Y )
∼=
−→M(X) ∼= Hom
ModA
1
k
(Λ)
(HA
1
0 (X ; Λ),M)
for all M ∈ ModA
1
k (Λ). Thus Yoneda’s lemma inMod
A1
k (Λ) induces an isomor-
phism
HA
1
0 (X ; Λ)
∼=−→ HA
1
0 (Y ; Λ).
Similarly, [Aso12, Lem. 3.3] also gives an isomorphism
HomHIk(Λ)(H
S
0 (Y ; Λ),M
′)
∼=
−→ HomHIk(Λ)(H
S
0 (X ; Λ),M
′)
for all M ′ ∈ HIk(Λ). Thus Yoneda’s lemma in HIk(Λ) induces an isomorphism
HS0 (X ; Λ)
∼=
−→ HS0 (Y ; Λ)
in HIk(Λ).
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6 Applications to A1-homotopy theory
In this section, we give some applications to A1-homotopy theory. A morphism
X → Y in Smk is called a S1-stable A1-0-equivalence, if the induced morphism
πS0 (Σ
∞
S1(X+))→ π
S
0 (Σ
∞
S1(Y+))
is an isomorphism. Note that X → Y is a S1-stable A1-0-equivalence if and
only if the induced morphism HA
1
0 (X ;Z) → H
A1
0 (Y ;Z) is an isomorphism by
[AH11, Prop. 2.1]. When X and Y are proper, we also obtain other equivalent
conditions.
Proposition 6.1. Assume k admits a resolution of singularities. Let f : X → Y
be a morphism of smooth proper k-schemes. Then the following conditions are
equivalent.
(1) The morphism f is a S1-stable A1-0-equivalence.
(2) The morphism f is an isomorphism in S−1b Smk.
(3) The induced map X(K)/R→ Y (K)/R is bijective for all K ∈ Fk.
Proof. Corollary 5.2 shows that (1) ⇒ (2). Moreover, (2) ⇒ (3) follows from
[KS15, Thm. 6.6.3]. On the other hand, (3) is equivalent to the condition that
the induced morphism πbA
1
0 (X)→ π
bA1
0 (Y ) is an isomorphism by [AM11, Thm.
6.2.1]. Thus Theorem 4.1 shows that the induced map HA
1
0 (X ;Z)→ H
A
1
0 (Y ;Z)
is an isomorphism. Hence, we have (3) ⇒ (1).
Next, we consider the A1-connectedness of smooth proper varieties (see def-
inition [MV99, p.110]). In [Aso12], Asok proves that a smooth proper k-variety
X is A1-connected if and only if the structure morphism X → Spec k induces
an isomorphism of zeroth A1-homology sheaves HA
1
0 (X ; Λ)
∼=
−→ Λ.
Remark 6.2. Proposition 6.1 implies that a smooth proper k-variety X is A1-
connected if and only if the structure morphism X → Spec k is an isomorphism
in S−1b Smk, when k admits a resolution of singularities. However, this assertion
holds without the assumption on resolution of singularities. Indeed, X is A1-
connected if and only if #(X(K)/R) = 1 for all K ∈ Fk by [AM11, Cor. 2.4.4].
On the other hand, by [KS15, Thm. 8.5.1] this is equivalent to the condition
that the morphism X → Spec k is an isomorphism in S−1b Smk.
The following gives another equivalent condition of the A1-connectedness of
X .
Proposition 6.3. Assume k admits a resolution of singularities. A smooth
proper k-variety X is A1-connected if and only if
bA
1
0 (Xk(X)) ≤ 1 ≤ b
A1
0 (X).
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Proof. “Only if” follows from [Aso12, Thm. 4.14]. We prove “if”. Since
bA
1
0 (X) 6= 0, the variety X has a k-rational point by Theorem 4.7. More-
over, since Xk(X) also has a k(X)-rational point, we have b
A1
0 (Xk(X)) = 1. This
implies
#(X(k(X))/R) = #(Xk(X)(k(X))/R) = 1
by Corollary 4.2. Thus [KS15, Thm. 8.5.1.] shows that the structure morphism
X → Spec k is an isomorphism in S−1b Smk. Therefore, X is A
1-connected (see
Remark 6.2).
Next, we prove a comparison result between A1-homotopy and ordinary or
e´tale homotopy. For a complex variety X , we denote Xan for the associated
analytic space.
Proposition 6.4. Assume k admits a resolution of singularities. Let X → Y
be a S1-stable A1-0-equivalence of smooth proper k-varieties.
(1) The induced map πe´t1 (X)→ π
e´t
1 (Y ) is an isomorphism.
(2) If k = C, the continuous map Xan → Y an is a 1-equivalence of topological
spaces.
Proof. Since the functor of (e´tale) fundamental groups is birational invariant of
smooth proper varieties, this is regarded as a functor on S−1b Sm
prop
k . On the
other hand, X → Y is an isomorphism in S−1b Sm
prop
k by Proposition 6.1. Thus
the map of (e´tale) fundamental groups induced by X → Y is an isomorphism.
Definition 6.5. A smooth k-scheme X is called R-rigid, if for all K ∈ Fk the
scalar extension XK has no rational curves over K.
By [AM11, Thm. 6.2.1], a smooth proper variety X is R-rigid if and only
if the canonical morphism of sheaves X → πbA
1
0 (X) is an isomorphism. We see
examples of R-rigid varieties.
Example 6.6. (1) Let C be a geometrically irreducible smooth projective
curve of genus ≥ 1. Then C is R-rigid. Indeed, for every K ∈ Fk the
scalar extension CK has genus ≥ 1 and thus CK has no rational curves
over K.
(2) An abelian variety X is also R-rigid. Indeed, for every K ∈ Fk the scalar
extension XK is a copoduct of abelian varieties over K and thus XK has
no rational curves over K.
We give a classification ofR-rigid varieties up to a S1-stable A1-0-equivalences.
Proposition 6.7. Assume k admits a resolution of singularities. Let f : X → Y
be a morphism of R-rigid smooth proper k-varieties. Then the following condi-
tions are equivalent.
(1) f is an isomorphism in Smk.
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(2) f is birational.
(3) f is stable birational.
(4) f is an A1-weak equivalence.
(5) f is a S1-stable A1-0-equivalence.
Proof. (1)⇒ (2)⇒ (3) and (1)⇒ (4)⇒ (5) are obvious. We first prove that (3)
⇒ (5). By [KS15, Thm. 1.7.2], X → Y is an isomorphism in S−1b Smk. Thus by
Proposition 6.1, X → Y is a S1-stable A1-0-equivalence. Next, we prove that
(5) ⇒ (1). Then the induced map X(k(U))/R→ Y (k(U))/R is bijective for all
U ∈ Smvark by Proposition 6.1. Hence, Lemma 2.2 shows that the morphism of
birational sheaves
πbA
1
0 (X)→ π
bA1
0 (Y ) (6.1)
is an isomorphism. On the other hand, since X and Y are R-rigid, there exist
canonical isomorphisms of sheaves X ∼= πbA
1
0 (X) and Y
∼= πbA
1
0 (Y ). Thus by
Yoneda’s lemma in Smk, (6.1) induces an isomorphism X
∼=
−→ Y .
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